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Abstract 

We introduce a canonical structure of a commutative associative 
filtered algebra with the unit on polynomial smooth valuations and 
study its properties. The induced structure on the subalgebra of trans- 
lation invariant smooth valuations has especially nice properties (it is 
the structure of the Frobenius algebra). We also present some appli- 
cations. 

Introduction. 

The purpose of this paper is to introduce a canonical structure of a com- 
mutative associative filtered algebra with the unit on polynomial smooth 
valuations and study its properties. The induced structure on the subalge- 
bra of translation invariant smooth valuations has especially nice properties 
(it is the structure of the Frobenius algebra). We will also present some 
applications. Part of the results of this paper was announced in 

Let us describe our main results in more detail. Let us remind first of 
all some notation and definitions. Let V be a real vector space of finite 
dimension n. Let /C(V) denote the class of all convex compact subsets of V. 
If we fix on V a Euclidean metric then we can define the Hausdorff metric 
dff on JC(V) as follows: 

d H (A,B) := inf{e > Q\A C (B) e and B C {A) E }, 
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where (U) £ denotes the e-neighborhood of a set U. However the topology on 
K.(V) does not depend on the choice of a Euclidean metric on V. Moreover, 
equipped with this topology, K{V) becomes a locally compact topological 
space (Blaschke's selection theorem). 

0.1 Definition, a) A function : JC(V) — > (D is called a valuation if for 
any K\, K 2 G JC(V) such that their union is also convex one has 

<f>{K x U K 2 ) = + </>(K 2 ) - <j>{K x n K 2 ). 

b) A valuation is called continuous if it is continuous with respect the 
Hausdorff metric on /C(V). 

For the classical theory of valuations we refer to the surveys ^HI and 
[To] . Let us remind the definition of a polynomial valuation introduced by 
Khovanskii and Pukhlikov j^j, (10j . 

0.2 Definition. A valuation <fi is called polynomial of degree at most d if for 
every K G fc{V) the function x 1— > <\>{K + x) is a polynomial on V of degree 
at most d. 

Note that valuations polynomial of degree are called translation in- 
variant valuations. Polynomial valuations have many nice combinatorial- 
algebraic properties (0, [TP]). 

0.3 Example. (1) The Euler characteristic x is a continuous translation 
invariant valuation (remind that x(K) = 1 f° r an y convex compact set K). 

(2) Let fj, be a measure on with a polynomial density with respect to a 
Lebesgue measure. Fix A e /C(V). Then 

0(K) :=/i(iT + A) 

is a continuous polynomial valuation (here K + A := {fc + a|fc G fT, a G A}). 

0.4 Remark. In |3] we have announced a result that polynomial continuous 
valuations are dense in the space of all continuous valuations. However during 
the preparation of this paper we found a gap in our original argument. So 
we do not know if this fact is true. 

Let us remind a basic definition from the representation theory. Let p be 
a continuous representation of a Lie group G in a Frechet space F. A vector 
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£ G F is called G-smooth if the map g h- > p(g)£ is infinitely differentiable 
map from G to F. It is well known that the subset F sm of smooth vectors is 
a G-invariant linear subspace dense in F. Moreover it has a natural topology 
of a Frechet space (which is stronger than that induced from F), and the 
representation of G is F sm is continuous. Moreover all vectors in F sm are 
G-smooth. 

We will denote by GL(V) the group of all linear transformations of V, 
and by Aff(V) the group of all affine transformations of V. 

We will especially be interested in polynomial valuations which are GL(V)- 
smooth. The space of GL(V)-smooth valuations polynomial of degree at most 
d will be denoted by PVal s d m {V). This is a Frechet space. Let PVal sm {V) de- 
note the inductive limit of the Frechet spaces PVal s d m (V) (with the topology 
of inductive limit). 

In Section 1 we define a canonical structure of commutative associative 
algebra with unit on PVal sm (V) where the unit is the Euler characteristic. 
Let us give the idea of this construction. Let us denote by G'(V) the linear 
space of valuations on V which are finite linear combinations of valuations 
from Example 0.3 (2). It turns out that Q'{V) fl PV al sm (V) is dense in 
PVal sm (V) (see the proof of Lemma 1.1). Let W be another linear real vector 
space. Let us define the exterior product 0KI-0 G G'(V x W) of two valuations 
G G'{V), V> G Q'{W). Let 4>{K) = tu(K + A t ), ip(L) = £\ Vj (L + Aj). 
Define 

(0 m 4,){M) := ® Vj)(M + (A t x {0}) + ({0} x Bj)), 

where \ii Kl uj denotes the usual product measure. 

Now let us define a product on Q'{V). Let A : V ^ V x V denote the 
diagonal imbedding. For 0, ip G G'(V) let 

0- V := A*(0K^), 

where A* denotes the restriction of a valuation on V x V to the diagonal. 
By Proposition 1.4 this product is associative and commutative, the Euler 
characteristic is the identity element in this algebra, and this product extends 
(uniquely) to a continuous product on PVal sm (V) (Proposition 1.9). 
We have the following natural filtration on PVal sm (V): 

7i = {0 G PVal sm (V)\ <f)(K) = 0\/K such that dimfT < i}. 
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Then PVal sm {V) = 7 D 71 D • • • D 7 n D 7 n +i = 0. However this filtration 
is not compatible with the multiplicative structure. Nevertheless there exists 
another filtration Wi which can be characterized as follows. 

0.5 Theorem. There exists a unique filtration Wi on PVal sm {V) such that 

(1) {Wi} is compatible with the multiplicative structure, i.e. Wi ■ Wj C 
W i+j ; 

(2) 7i+i C Wi C ji for all i. 

(3) W = 70, W 1 = 71/ 

(4) Wi is a closed subspace of PVal sm (V). 

(5) Wi is Af f(V) -invariant. 

This theorem is a reformulation of Theorem 3.8 of Section 3. The explicit 
construction of this filtration is given in Section 3. One of the ways to 
describe this filtration explicitly is as follows (see Proposition 3.4): 

G Wi iff lim r~ l+1 (j){rK + x) = \/K e )C(V), x <E V. 

r >+0 

It turns out that one can easily describe the associated graded algebra 
grw(PVal sm (V) in terms of the algebra of translation invariant smooth val- 
uations. In Section 3 we prove the following result (Theorem 3.9). 

0.6 Theorem. There exists a canonical isomorphism of graded algebras 

gr w {PVal sm {V)) ~ Val sm (V) ® <D[V] 

where the i-th graded term in the right hand side is equal to Valf m (V) <8> €[V] 
where C[V] denote the algebra of polynomial functions on V. 

In the proof of this theorem we construct this isomorphism explicitly. 

Now let us discuss in more detail the case of translation invariant valua- 
tions. We will denote the space of all translation invariant continuous valu- 
ations on V by ValiV). Remind that a valuation is called z-homogeneous 
if 4>{\K) = X^K) for all A > 0, K e K{V). We will denote by Vak(V) the 
subspace i-homogeneous valuations. By a result of McMullen ^H] one has a 
decomposition: 

Val(V) = ® n i=0 Vali{V). (1) 

Also one has 

Val (V) = € • x, Val n (V) = <D • vol (2) 
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where the first equality is trivial, and the second one is due to Hadwiger [8]. 
We have also further decomposition of these space with respect to parity. 
Namely we say that a valuation <p is even if <p(—K) = (j>(K), \/K 6 /C(V). 
Similarly is called odd if <p(—K) = —<f)(K), \/K e JC{V). The subspace of 
even translation invariant valuations will be denoted by Val°(V), and the 
subspace of odd translation invariant valuations will be denoted by Val l {V). 
Similarly Val®{V) and Val] will denote their subspaces of i-homogeneous 
valuations. We obviously have 

VakiV) = Val^V) ® Val] (V). (3) 

One of the main results on translation invariant valuations we will use in 
this paper is as follows (it was proved in [2]). 

0.7 Theorem (Irreducibility Theorem). The natural representations of 
the group GL(V) in Val®(V) and Val]{V) are irreducible. 

Below we will denote by Val sm (V), Valf m {V), (Val°(V)) sm , (Val\(V)) sm 
the subspaces of GL(V)-smooth vectors of the corresponding spaces. The 
space Val sm (V) is a subalgebra of PVal sm (V). Moreover the degree of ho- 
mogeneity and parity are (obviously) compatible with the multiplication and 
define the structure of the bigraded algebra on Val sm (V) (when the first grad- 
ing is by X and the second grading is by Z/2Z). The non-trivial property of 
it is the following version of the Poincare duality (remind that Val n (V) is 
one dimensional). 

0.8 Theorem. The maps 

(Val°(V)) sm — > ((Val° n ^)*y m ® Val n (V), and 

(Vall(V)) sm — > ((Val^YY" 1 ig) Val n (V) 

induced by the multiplication (Val^(V)) sm ®(Val^_ i (V)) sm — ► Val n (V) and 
(Vall(V)) sm ® (Vall^iV)) 8 " 1 — > Val n (V) are isomorphisms. 

This result is proved in Section 2 (Theorem 2.1). The proof is based on 
Irreducibility Theorem 0.7. In Section 2 we also compute explicitly some 
examples of product of valuations (Proposition 2.2). Note that the isomor- 
phisms in Theorem 0.8 commute with the natural action on the group GL(V). 
An attempt to understand these isomorphisms from purely representation 
theoretical point of view was done in 
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If we forget the grading by parity then we obtain a version of the Poincare 
duality on the graded algebra Val sm (V) = &- =Q Vall m {V). 

We also describe the algebra structure on the space of isometry invariant 
continuous valuation on an n-dimensional Euclidean space (as a vector space 
it is described by the classical Hadwiger characterization theorem jS]). This 
graded algebra is isomorphic to the graded algebra of truncated polynomials 
(D[x]/(x n+1 ) (see Theorem 2.6 for more details). 

Now let us discuss some applications of the above results to the spaces of 
valuations invariant under a group. Let G be a compact subgroup of GL(V). 
Let us denote by Val G (V) the space of G-invariant translation invariant 
continuous valuations. Again we have the decomposition 

Val G {V) = ®UValf{V). 

Let us denote hi := dim Valf (V). 

0.9 Theorem. Assume that G acts transitively on the projective space T(V). 

(i) Then Val G (V) is finite dimensional. 

(ii) Val G {V) C Val sm (V). 

(Hi) Val G (V) is finite dimensional graded subalgebra ofVal sm (V) satis- 
fying the Poincare duality: 

Val G (V) ® Val^V) — ► Val G (V) = C • vol 

is a perfect pairing. In particular hi = h n _i . 

(iv) Valf (V) is spanned by the intrinsic volume V\, and Val^^iV) is 
spanned by the intrinsic volume V n -\. Thus hi = h n ~i = 1. 

(v) Assume in addition that —Id G G. Then the numbers hi satisfy the 
Lefschetz inequalities: 

hi < h i+ i for i < n/2. 

For the definition of the intrinsic volumes we refer to |17j . Note that part 
(i) of this theorem was proved in pQ (Theorem 8.1), and part (ii) in 0] (see 
the proof of Corollary 1.1.3). Part (iii) is a direct consequence of Theorem 
0.8. Note that the only proof we know of the equality hi = h n -i for a general 
compact group G is based on the existence of the multiplicative structure 
on a much larger (infinite dimensional) space Val sm (V) and a version of 
the Poincare duality for this larger algebra which is in turn is based on the 
Irreducibility Theorem 0.7. Part (iv) will be proved in Section 2 of this paper. 
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Part (v) of Theorem 0.9 was proved in [3] and it is based on a version of the 
hard Lefschetz theorem for even valuations. We expect that this result (i.e. 
hard Lefschetz theorem) should be true also for odd valuations; in that case 
the condition —Id G G in part (v) of Theorem 0.9 could be omitted. However 
we do not know this. 

The paper is organized as follows. In Section 1 we define the multiplicative 
structure on polynomial valuations and study its properties. In Section 2 
we study the properties of the subalgebra of translation invariant smooth 
valuations. In Section 3 we introduce and study nitrations on polynomial 
valuations. In Section 4 we have some further remarks and discuss some 
examples. 

Acknowledgements. We would like to thank J. Bernstein for very useful 
discussions. 

1 The product on valuations. 

Let us agree on a notation. In the rest of the paper we will denote by PoldiV) 
the space of homogeneous polynomials of degree d. Let us denote by Q(V) 
the linear space of valuations on V which are finite linear combinations of 
valuations of the form K \— > fi(i(K) + A) where i : V c — > V is a linear 
imbedding of V into a larger linear space V, and A G JC(V) is a fixed 
convex compact set, and \i is a smooth measure on V . 

1.1 Lemma. Q{V) n PVal sm (V) is dense m PVal sm (V). 

Proof. Let be a valuation of the above form, i.e. <f)(K) = fi(i(K) + 
A) where i : V V, fj, is a smooth measure on V, and A 6 JC(V). 
We have to prove that for any d the space G(V) fl PVal^ m {V) is dense in 
PVal d (V). Let us prove is by induction in d. For d — this is precisely 
McMullen's conjecture which was proved in [2J (as an easy consequence of 
the Irreducibility Theorem 0.7). Let us assume that d > 0. Then we have a 
continuous map PVal d m (V) — > Val sm ® PoldiV) which is defined as follows. 
For any G PVal s d m (V) we have 

4>(K + x) = Pd{K)(x) + lower order terms 

where P d G (Val(V) ®Pol d (V)) sm . However by Lemma 1.5 below (Val(V) <g> 
Pol d (V)) sm = Val sm (V) ® Pol d {V) So the map i-> P d is the desired map. 
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By the assumption of induction Q(V) nPVald-i{V) is dense in PVald-iiV). 
It follows from the case d = that the image of Q(V) fl PVald{V) in 
Val sm (V) <E> Pold{V) has a dense image. Hence the lemma follows. Q.E.D. 
We need the following technical lemma. 

1.2 Lemma. Let 1; . . . , <p s G T/ien i/iere exists a linear space V , a 
linear imbedding f : V V , smooth measures ^ on V , and Ai, . . . ,A S G 
K(V) such that fa(K) = fa(f(K) + Ai), % = 1, . . . , s. 

Proof. By definition fa has the form 

fa(K) = Ui( gi (K) + Bi) 

where gi : V V(, Bi G /C(V/), and Vi are smooth measures on V(. Let V 
be the inductive limit of the system {V V/}f =1 . It would be convenient 
to have an explicit construction for it. Let Tj be a complement of gi{V) in 
V-. Then V is isomorphic to V © Ti © . . . T s . With this decomposition / is 
the identity imbedding. Let us construct Ai, say for i — 1. Note that V/ 
is isomorphic to V @T\. Let us denote also by B>\ the image of B\ in V. Let 
5 := V2 © • • • © V s . Let us fix a Lebesgue measure dvols on 5. Fix Q G /C(5') 
any set of volume 1. Set A 1 := B\ x Q. Let := z/i IE dvols- These choices 
satisfy the lemma. Q.E.D. 

Let W be another linear real vector space. Let us define the exterior 
product (j) E ip G Q{V x W) of two valuations <p G </(V), V e By 
Lemma 1.2 we may assume that these valuations have the form 0(i^) = 
£iA*i(/(*0+4), ^(L) = vML) + Bj) where f : V ^ V , g : W ^ W 
are imbeddings, A* G /C(V'), G /C(W). Define 

(0 E ^)(M) := E !/,-)((/ x g){M) + (A x {0}) + ({0} x Bj)), 

where /Xj E z/^ denotes the usual product measure on V x W . 

Let us denote by CVal(V) the closure of QiV) in the Frechet space of 
all continuous valuations on V with the topology of uniform convergence on 
compact subsets on 1C(V). 

1.3 Proposition, (i) For (f) G G(V), ip G Q(W) their exterior product 0Ek/> G 
G{V x W) is we// defined. 

(ii) The exterior product is bilinear with respect to each argument. 
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(Hi) Fix G G(V). Then the map Q{W) — ► Q(V x W) given by ip ^ 0K 
ip extends (uniquely) by continuity to the map CValiV) — > CValiV x W). 

(iv) 

(cf)^il))^r) = El (-0 77) . 

(v) Let f : V ^ Vi, g : W <-> Wi be two imbeddings. Let G G(Vi), G 
GiyVi). Then 

{fxgYi^^^r^g^. 

Proof. Note that the parts (ii), (iv), and (v) are obvious. Now let us 
fix a valuation G G(V) of the form <f>(K) = fx(K + A), A G V. From the 
definition of the exterior product one easily gets the following formula: 

(0K^)(M) = I ip{(M+ (A x {0})) n ({x} x W))dfx(x). 
Jxev 

Now the parts (i) and (iii) follow easily. Q.E.D. 

Now let us define a product on G(V). Let A : V V x V denote the 
diagonal imbedding. For 0, ip G £/(V) let 

0- V := A*(0K^), 

where A* denotes the restriction of a valuation on V x V to the diagonal. 

1.4 Proposition. TTie afrowe defined multiplication uniquely extends by con- 
tinuity to G(V). Then G(V) becomes an associative commutative unital al- 
gebra where the unit is the Euler characteristic x- 

Proof. The associativity follows from Proposition 1.3 (iv). The commu- 
tativity is obvious. Let us prove that the Euler characteristic \ is the unit. 
Let a valuation ifj has the form ip(K) = fi(K + A) where A is a fixed set 
from /C(V). Let A : V — > V x V be the diagonal imbedding. Then by the 
definition of the product we have 

( X -ri>)(K) = [ X ((Atf + (Ax {0})) n ({x} x V)) dfx(x) = fx(K+A) = ip(K). 
Jxev 

Q.E.D. 

Next let us prove the following technical lemma which is well known. 

1.5 Lemma. Let T be a Frechet G-module which is admissible and of finite 
length. Let S be a finite dimensional G-module. Then (J r ^S) sm = J-'^^S. 
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Proof. Clearly T sm <8> S is a dense subspace of [T ® S) sm (both spaces 
are admissible G-modules of finite length and they have the same underlying 
Harish- Chandra modules). Since S is finite dimensional and T sm is a Frechet 
space then T sm ® S is also a Frechet space. Now the statement follows from 
the Casselman-Wallach theorem jE] which says that if / : U — ► V is a 
morphism of admissible G-modules of finite length which induces a surjection 
on the underlying Harish- Chandra modules then / : U sm — > V sm is also 
surjection (we should apply it to the identity map id : T sm ® S — > [T ® 
S) sm ). Q.E.D. 

Let PValdiV) denote the space of continuous valuations on V polynomial 
of degree at most d. Let fl d denote the (finite dimensional) space of n- 
densities on V with polynomial coefficients of degree at most d (clearly Q d 
is isomorphic to {sf^SyrrfV*) <g> | A n V*\). 

Let us denote by P + (K*) the manifold of oriented lines passing through 
the origin in V*. Let L denote the line bundle over P + (K*) such that its 
fiber over an oriented line I consists of linear functionals on I. 

We are going to construct a natural map 

9 M : Q n d ® C°°((P + (n) fc , L m ) — ^ PVal d (V) 

which commutes with the natural action of the group GL(V) on both spaces 
and induces epimorphism on the subspaces of smooth vectors. 

The construction is as follows. Let /i £ 0%, Ai,...,A s £ K,{V). Then 
A i-i u ' sa polynomial in Aj > of degree at most n + d. This can be 
easily seen directly, but it was also proved in general for polynomial valuations 
by Khovanskii and Pukhlikov jHj • Also it easily follows that the coefficients of 
this polynomial depend continuously on (Ax, . . . , A s ) £ JC(V) S with respect 
to the Hausdorff metric. Hence we can define a continuous map Q' s d : x 
1C(V) S — ► PVal d {V) given by 

A U ..., A,))(K) := 53^1^ j K+Tu ^ 

It is clear that Q' s d is Minkowski additive with respect to each Aj. Namely, 
say for j = 1, one has 0^ aA[+bA", A 2 , . . . , A s ) = aO' s d (fi; A[, A 2 , . . . , A s ) + 
bG' Sjd (n; A", A 2 ,..., A.) for a, b > 0. 

Remind that for any A £ K(V) one defines the supporting functional 
h A (y) := sup x£A (y, x) for any y £ V*. Thus h A £ C(P + (V*), L). More- 
over it is well known (and easy to see) that An — > A is the Hausdorff 
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metric if and only if h^ N — > in C(W + (V*), L). Also any section F G 
C 2 (T+(V*), L) can be presented as a difference F = G — H where F, H 6 
C 2 (P + (V*), L) are supporting functionals of some convex compact sets and 
max{| \G\ I2, 1 H2} < 1 1-^1 b- (Indeed one can choose G = F + R ■ h D , H = 
R ■ ho where D is the unit Euclidean ball, and R is a large enough constant 
depending on ||-F||2-) Hence we can uniquely extend Q' sd to a multilinear 
continuous map (which we will denote by the same letter): 

Q' s4 : Q n d x (C 2 (V + (V*),L)Y — > PVal d (V). 

By the L. Schwartz kernel theorem (or, better, using the explicit formulas) 
it follows that this map gives rise to a linear map 

e M : n% ® c°°(p + (y*) s , l® s ) — > p\/a/r(v r ) 

which we wanted to construct. 

Moreover the map ®k,d can be factorized as follows. Let A : P + (V*) ■=— > 
(P + (V A *)) fe denotes the diagonal imbedding. Let O denote the sheaf of in- 
finitely smooth functions on (W + (V*)) k . Let J denote the subsheaf of ideals 
of O of the diagonal A(P + (V*)) in (¥ + (V*)) k . Then one has the canonical 
map 

C°°(T + (V*) k , L m ) — ► C°°(P+(\/*) fc , L m ® J 2k+1 ) 

which is the 2/c-jet of a section of L in the transversal direction to the 
diagonal. By writing down an explicit formula one can easily prove 

1.6 Lemma. The map Qk,d factorizes as 

tt M : Q n d ® C°°(P + (y*) fc , L m ® J 2k+1 ) — PVal d {V). 

We will study this map ^k,d- Note that it depends on k and d which will 
be fixed from now on. Let us denote by the sum of the maps ©^Zq ^M- 

Thus y d : 03 ® (0^zj c°°(p + (K*) fc , L m ® j 2k+1 )) — > pya/f»(y). 

1.7 Lemma. T7ie map ^/^ /ias a dense image. 

1.8 Corollary. TTie map ^ an epimorphism. 

This corollary follows immediately from Lemma 1.7 and the Casselman- 
Wallach theorem. So let us prove Lemma 1.7. 

Proof of Lemma 1.7. We will prove it by induction in d. For d = 
this is just McMullen's conjecture proved in |2j. Assume that the statement 
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of Lemma 1.7 holds for d— 1. It is sufficient to show that the map Sym d (V) <S> 

I a- 1 \/*|®(0^:; c-(p + (\/*) fe , L Kfc ® 0l 7 2fc+1 )) — > (pyaZ d (y)/pyaZ d _i(y)) OT 

is onto. However the last space is equal to (Sym^fV) <E> VaZ(l / )) sm = 
Sym d {V) <S> Val sm (V) (using Lemma 1.5). Thus we have reduced the claim 
again to the case d = 0. Q.E.D. 

1.9 Proposition. The multiplication 

{PVak{V)) sm ® (PValjiV)) 3 " 1 — ► {PV al i+] {V)) sm 
is continuous. 

Proof. Since this map commutes with the action of GL(V) it is sufficient 
to prove that the map 

{PVak{V)) sm <g> (PVal 3 (V)) sm — > PVal i+3 (V) 

is continuous. In fact we will prove a bit more. We will prove that the 
exterior product of valuations is a continuous bilinear map 

(PVak(V)) sm x (PValjiW)) 8 ™ — ► PVal i+j (V x W). 

For the simplicity of the notation we will assume that W = V. 

Let us fix a large natural number N. Let G (PV ali(V)) sm , ip G 
(PValjiV)) 3 " 1 such that = ^ p cu p ®/ p , ip = £,c^<g)Z£ wh ere w p G Q™, ^ G 

^ l P , l' q e e^o 1 C°°(P + (y*) fe , L Hfc O J 2 ^ 1 ) and 

maz{^ | |w p | |, \\lpW2N, ^WQM < 1 

p 1 v q 

where ||-|| is a norm on fi", and 1 1 - j | jv is the norm on 0^!~d C 2N (W + (V*) k , L m <S>o 

Then it is easy to see that for a constant C (depending on n and k only) 
there exist L p , L' q G C°°((W + (V*)) k , L m ) which extend Z p and l' q respectively 
and such that max{J2 p \ \L p \\ 2 n, J2 q H^lbjv} < C- Then one can write 

00 00 

s=l s=l 
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where 7s;?M , ls>q>l e C°°(F + (V*), L) and 

n— 1 fc Ti— 1 fc 



maa;{^ ^ ^ | \%, p , t \\N, Yl Yl I < C 

s fc=0 t=l s fc=0 t=l 

where C is a constant which might be different from the previous C. We 
may assume that N > 2. Then every 7 e C°°(P + (V*), L) can be written as 
7 = 71 — 72 such that 71, 72 are supporting functionals of convex sets and 
max{ 1 1 71 1 1 at, ||72||jv} < C||7||jv (using the same argument as in the construc- 
tion of the maps Qk,d>- Hence we may assume that all 7 s , p ,t, l' s ,q,t are support- 
ing functionals of convex sets A StPtt , A' s t respectively. Let VL pq := doo p A du' q ; 
it is a top-degree form on V x V. Then by the definition of the exterior 
product of valuations 

(0^)(^) = 

y y y g 0*' f fi 

Note that 

/ , , "p, 9 = 



<9Ai . . . <9A fc dm... dn v J K +Y. k m =i A™(A s , p , m xo)+£^ =1 A m ,(oxA; o m ,) 

J J ||7s,p,m||o]^[ ||7s,9,m'||o 



rn 



Qk Qk 1 



d\ 1 ... d\ k d^... duv J K+ E k m=1 ^(fexo) + E^ =1 A ra ,(ox^) 



,q,m f 

The last integral is a polynomial in A m , // m / of degree at most i + j + 2n. 
Hence in order to get an estimate on its derivatives it is sufficient to estimate 
the polynomial itself for all X m , fj, m > of absolute value at most 1. If the set K is 
uniformly bounded then the whole Minkowski sum of sets under the integral 
is uniformly bounded. Hence all the integrals are uniformly bounded, and 
we get 

00 n— 1 

kw)wi<c£ Yi Einn^iionii^'iio 

s=l k,k'=0 p,q \ m 

The last sum is estimated by a constant. Q.E.D. 
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2 Translation invariant valuations. 



In this section we discuss the subalgebra (Val(V)) sm of smooth translation 
invariant valuations. It has a structure of Frobenius algebra, namely it sat- 
isfies a version of the Poincare duality with respect to the natural grading. 

Remind that by a result of Hadwiger |B j the space Val n (V) is one di- 
mensional and it is spanned by a Lebesgue measure. First observe that the 
multiplication (Val?(V)) sm ® (Val^V)) 8 " 1 — ► Val n (V) is trivial since the 
product of even and odd valuations must be odd, and all valuations of the 
maximal degree of homogeneity are even. The main result of this section is 

2.1 Theorem. (%) The map {Val°(V)) sm ® (Val™™(V)) sm — ► Val n (V) is 
a perfect pairing. More precisely the induced map 

(Val^V)) 8 ™ — > (Val™™(V)*) sm ® Val n {V) 

is an isomorphism. 

(it) The map (Val\{V)) sm ® (V al l n _ i iy)) sm — > Val n (V) is a perfect 
pairing in the above sense. 

Before we prove the theorem we will need a proposition which is of inde- 
pendent interest. 

2.2 Proposition. Let V be an n-dimensional Euclidean space. Let 

cj>{K) = V(K[t\,Ax, . . . , An-i), iP(K) = V(K[n - i], B x , . . . , 5,) 
where A p , B q e JC(V) are fixed. Then 

(0 ■ $)(K) = Q V(A 1 , A n _ u -B u -Bi)vol(K). 

First we have the following simple identity. 

2.3 Claim. 

V(K\i], A,,..., A n . { ) = (n(n-l) . . . (i+V)' 1 -^ d^\o vol ( K+ Yl A ^)" 



3=1 
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Proof of Proposition 2.2. Using Claim 2.3 we have 

(0 . %I))(K) = (n(n - 1) . . . (i + - 1) . . . (n - i + l))" 1 - 

axS^)°^^ l ° vok " iA{K) + % XM > x 0) + |> (0 x B '» 

where A : V "-^ V x V is the diagonal imbedding. Again by Claim 2.3 
dX^J od^^^i^ + E x 0) + |>(0 x BO) = 

(2n...(n + l))-V 2n (A(K)[n];A 1 x 0,...,A»-i x 0; x B 1 ,...,0x B t ). 
Hence we obtain 

(<f>-ij>)(K) = ( 2 ^)Q V 2n (A(K)[n];A 1 xO, . . . ,A n _ i x0;0xB 1 , . . . ,0xBi). 
We will need a lemma. 

2.4 Lemma. Let X = Y@Z be an orthogonal decomposition of the Euclidean 
space X. Let&mX = N, dimF = n. Let M e 1C(Y), . . .A N _ n e K{X). 
Then 

V N (M[n];A u ... An-u) = vol n (M)VN-n{PrzAi, . . . , Pr z A N _ n ) 



n / 

where Prz denotes the orthogonal projection onto Z. 

Let us postpone the proof of this lemma and continue proving Proposition 
2.2. In our situation X = V x V, Y = A(V) = {(x, x)}, Z = {(x, -x)}. Note 
that 

1 1 

Pr z ((x,0)) = -(x, -x), Prz((0,x)) = -(-x,x). 

Let us denote by A' the imbedding V ^ V x V given by A'(x) = (x, —x). 
Using Lemma 2.4 we get 

{<t)^){K) = vo i n (A(K))V n {——, — - — , — - — , . . . , — -— ) = 
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(</>-,f>)(K) = Q V(A 1 , A n _i, -Si, . . . , -Bi)vol(K). 

Q.E.D. 

Proof of Lemma 2.4. We may assume that Ai = • • • = Aat_„ = A. We 
have 

W(M[n], - „]) = VL^£-\ oVO l N (A + eM). 

We have 



vol N (A + eM) = / vol n ((A + eM)n(z + Y))dz = 
Jzez 

[ vol n ((An(z + Y))+eM)dz= I e n vol n M + O^"" 1 ) = 

/zGZ Jz€Pr z A 

e n vol N _ n (Pr z A)vol n M + O^ 1 ). 

This proves Lemma 2.4. Q.E.D. 

Proof of Theorem 2.1. The kernel of the map (Val°(V)) sm — ► (Val n ^(V)*Y 
Val n (V) is GL(V)-invariant subspace (and similarly in the odd case). Hence 
by the Irreducibility Theorem 0.7 it must be either trivial or coincide with 
the whole space. We will show that the multiplication in non-trivial. As- 
sume that it is proved. Then by the Irreducibility Theorem 0.7 the image 
the above map is a dense subspace, and hence it is equal to the whole space 
by the Casselman-Wallach theorem. Thus it remains to check in both cases 
that the product is non-zero. 

First let us check it in the even case. By Proposition 2.2 the product of 
the intrinsic volumes Vj ■ V n -i ^ 0. 

Now let us consider the odd case. We want to show that the multiplication 
{Val\{V)) sm <g> (Vall^V)) 8 ™ — ► Val n (V) is non-zero. We have 

(Valt(V)) sm <g) (Val*(V)) sm — > (Val £ +*(V)) sm 

where the addition of upper indexes is understood modulo 2. 

2.5 Lemma. The multiplication 

(yal\(y)) sm <g> (Val\(y)) sm — > (Val° 2 {V)) sm 

is non-zero for e G Z/2Z and hence has a dense image. 
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First let us finish proving Theorem 2.1 assuming this lemma. Consider 
the multiplication maps (we will omit for brevity the upper sign sm): 

Val\(V) <g> (ValKV))®^ — > Val]{V)- 

Val\ ® (FaZ?)®^- 1 -*) — ► VaZ^. 
It is sufficient to show that the composition 

(Val\(V) ® (\/a/?(\/))^ (i - 1} ) ® (FaZj(y) ® (VaZ°(V0)® (n_1 -°) — > ^aZ n (F) 

is non-zero. This is equivalent to show that 

Val\(V) <8> Vall{V) <g> (\/aZ°(\/))® (n " 2) — ► Val n (V) 

is non-zero. Note that the image (V al^(V))^ n ~ 2 ^ — > Val^_ 2 (V) is non-zero 
since the power of the intrinsic volume (Vi) ra ~ 2 does not vanish. Hence this 
image is a dense subspace in Val n _ 2 {V). Hence it is sufficient to show that 
the map 

Val\{V) <g> Val\{V) ® Vaf n _ 2 {V) — ► Val n (V) 

is non-zero. By Lemma 2.5 the map Val\(V) <8> Val\(V) — > Val 2 (V) 
has a dense image. As we have previously proved the map Val 2 {V) <8> 
Val®_ 2 (V) — > Val n (V) is non-zero. This immediately implies Theorem 
2.1. Q.E.D. 

Proof of Lemma 2.5. First let reduce the statement to the case n = 2. Let 
us fix a 2-dimensional subspace W CV. It is easy to see that the restriction 
map Val(V) — > Val(W) is non-zero and its image is GL(l^)-invariant. 
Hence by the Irreducibility Theorem the image of this restriction is a dense 
subspace. Moreover the multiplication commutes with the restriction. Hence 
it is sufficient to show that 

Val\{W) <g> Val\{W) — ► Val 2 (W) 

is non-zero. By Proposition 2.2 we have for A, B e K,{W): 

V(-,A).V(;B) = kV(A,-B)-voI(-), 

where k is a non-zero normalizing constant. 

Now let us choose valuations 0(-) := V(-,A)-V(-,-A), ip(-) := V(-,B)- 
V(-, —B) with A and B to be chosen later. Then we get 

(0 . ijj)(K) = 2k(V(A, B) - V(A, -B)) ■ vol(K). 
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If we choose A and B so that V(A, B) ^ V(A, —B) then the above product 
does not vanish. Q.E.D. 

For any subgroup G of the group of linear transformations of the space 
V let us denote by Val G (V) the space of translation invariant continuous 
valuations invariant with respect to G. Let now V be a Euclidean space of di- 
mension n. Also ValfiV) denote the subspace of Val G {V) of i-homogeneous 
valuations. Then it immediately follows from McMullen's theorem ^3] that 
Val G {V) = ®i =0 Valf(V). Let 0{n) denote the full orthogonal group, and 
SO{n) denote the special orthogonal group. Let Vi denote the i-th in- 
trinsic volume (see e.g. [T7j) . It was proved by Hadwiger that for any i 
Valf^ = Valf° = (D • 14. Now we describe the algebra structure on the 
space Val°^(V). 

2.6 Theorem. There exists an isomorphism of graded algebras (D[x]/(x n+1 ) ~ 
Val°( n '(V) given by x i— > V%. 

Proof. For any i the valuation (Vi) 1 G Valf <yTl \ Hence it must be pro- 
portional to Vi. By Proposition 2.2 the constant of proportionality does not 
vanish. This implies the result. Q.E.D. 

Now let us prove part (iv) of Theorem 0.9. Namely let us prove that 
if G is a compact subgroup of GL(V) acting transitively on the projective 
space P+(V) then Valf (V) — C • V\ and Val G _ x = (D • V n -\. Here we assume 
that we consider the intrinsic volumes Vi with respect to a Euclidean metric 
on V invariant under G (which is unique up to a proportionality). It was 
proved by McMullen that every translation invariant continuous (n — 1)- 
homogeneous valuation has the form 



where dS n _i(K, •) denotes the {n — l)-area measure of K (see [IZj), and / 
is a continuous function on the sphere S n ~ l . Moreover / can be chosen to 
be orthogonal (with respect to the Lebesgue measure on S*™ -1 ) to any linear 
functional on the sphere, and under this restriction / is defined uniquely by 
(p. Hence in our situation / can be chosen G-invariant. If G acts transitively 
on the projective space then it acts transitively on the sphere. Hence / must 
be constant. Hence V n _\. 

Now let us consider the case of Valf(V). The result follows from the pre- 
vious case and the Poincare duality. A more elementary way to see it is as fol- 
lows. Let us construct a canonical imbedding Vali(V) C _00 (P + (V A ), L* <g> 
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\u>\)) where the target space is the space of generalized sections of the line 
bundle L* <g> \u\ over P + (V), where L was defined in Section 1, and \u\ is the 
line bundle of densities over P + (V). This imbedding (in fact in a more general 
situation) was first considered by Goodey and Weil [Zj; now we essentially 
reproduce their argument. It is well known that any valuation <p e Vali(V) 
is Minkowski additive, i.e. (/>(\A+fiB) = X(p(A) + /i(j)(B) for all A, B e K(V) 
and A, \x > 0. Note that the supporting functional of any convex compact 
set is a continuous section of the line bundle L over P+(V) defined in Sec- 
tion 1. However any C°°-section F of L can presented as a difference of two 
smooth supporting functionals of convex compact sets, F = G — H such that 
max{||(j| I2, H-ff"!^} < H-^lb- Hence using the Minkowski additivity of we 
can extend it uniquely to a continuous linear functional on C 00 (P + (V r ), L). 
Clearly we get a continuous imbedding Vali(V) C~°°(J' + (V), L* (g> 
However if the group G acts transitively on the sphere then the space of 
G-invariant (generalized) sections is at most one dimensional. It follows that 
Vai?(V) = Q-V 1 . Q.E.D. 

3 Filtrations on polynomial valuations. 

Let us define the following filtration on PVal sm (V): 

7i = {</> G PVal sm (V)\ (j){K) = 0\/K such that dimK < i}. 
Then PVal(V) = 70 D 71 D • ■ ■ D 7„ D 7„+i = 0. Note that 

7i n Val sm (V) = (Vall^V)) 8 ™ © Valt m {V) © • ■ ■ © Val s n m (V). 
Let us introduce another filtration on (PVal) sm . Set 

n—i 

Wi{PVal s d m ) := j]/m(* M ). 

k=0 

We have 

PVal s d m = W {PVal s d m ) D Wi{PVal s d m ) D ■ ■ ■ D W n {PVal s d m ). 

Moreover W n (PVal d m ) coincides with densities on V polynomial of degree 
at most d. 
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3.1 Lemma. For any d 

Wi{PVal s d m ) n Val sm (V) = Val s ; rn (V) © Val^V) © • • • © Val s n m (V). 
Proof. Obviously we have an inclusion 

Vair{V) © Val^iV) © • • • © Val s n m (V) C W^PVal 3 / 1 ) n \/a/ sm (V). 

Since Wi(PVal d m ) C 7$ (see Proposition 3.7(i) below) we have 

W^PVal^nVal 3 " 1 ^) C {{Vall m {V) © © • • • © Val^iV^Val^V). 

It is sufficient to show that Wi(PV al s d m ) fl Val}^ = 0. Assume that G 
W^P^a/*" 1 ) n (yaZ^ty)) 3 ™ 0^0. By the Poincare duality there exists 
ip G (V al n _ i+ i(V)) sm such that • -0 7^ 0. We may also assume that i>(K) = 
vol(K\n — i + \], A[i — \\) where A G JC(V) is fixed. By Proposition 1.3(iii) for 
fixed -0 the map CVal(V) — ► CValiV) given by £ 1— > £ • -0 is a continuous 
map (with the topology of uniform convergence on compact subsets of K,(V)). 

3.2 Claim. 

^■Wi(PVal s d m ) = 0. 

Hence by continuity it follows that • Wi(PVal d m ) = 0. We get a con- 
tradiction. Q.E.D. 

3.3 Proposition. Wi(PVal d m ) is a closed subspace of PVal s d m . 

Proof. The statement follows from the Casselman-Wallach theorem and 
the fact that the source and the target of the map ^k,d are admissible GL(V)- 
modules of finite length. Q.E.D. 

3.4 Proposition. Let G PVal s d m . If G Wi(PVaip) for some d' > d 
then 

Km o —<f)(rK + x) = OWx G X, WK G K{V). (*) 
Oppositely if the condition (*) holds then G H^Pl^a/^" 1 ). 

Proof. Let us assume that G PVal^V 1 . Then / rK+;ro+ ^-n-« A . A . F(x)dx = 

F(xo)vol(rK + Y^jZl\jAj)+ higher order terms . The condition (*) follows. 

Let us prove the other direction. Let G PVal d m and satisfies (*). We 
will prove the result by induction in d. For d — the statement is clear. 
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Let us assume now that the statement is true for valuations of degree of 
polynomiality less than d. We have 

4>(K + x) — P d (K)(x) + lower order terms . 

Thus P d G Val sm © Pold- From the condition (*) we get: 

1 1 
0= lim — — tMvK + x) = lim ——P d (rK)(x) + .... 

Hence P d G (VclI?™ © • • • © Val s n m ) © Pol d . It follows from the Casselman- 
Wallach theorem that there exists ip G Wi(PVal d m ) such that ip(K + x) — 
P d (K)(x) + . . . . Applying the assumption of induction to the valuation — ip 
we prove the statement. Q.E.D. 

We get immediately the following corollary. 

3.5 Corollary. (%) For d' > d W^PVal 3 ™) n PVal s d m = Wi(PVal s d m ). 

(ii) Let f : U — > V be an injective imbedding of linear spaces. Then 
r(Wi(PVal^(y))) C Wi(PVal s d m (U)). 

Using part (i) of this corollary let us define the filtration Wi on all smooth 
polynomial valuations PVal sm so that W { fl PVal s d m = Wi(PVal s d m ). 

3.6 Theorem. 

W ix (FVal%) © W i2 {PVal s ™) C W il+i2 (PVal s ™ +d2 ). 
Proof. It is clear from the definitions that 

W n (PVal s ™(V)) M W i2 (PVal s ™(W)) C W n+l2 (PVal dl+d2 (V x W)). 
Now the statement follows from Corollary 3.5(ii). Q.E.D. 

3.7 Proposition, (i) For any i 

7 i+ i C Wi C 7i. 

(a) w 1 = 7i. 

Proof. Let us prove part (i). Let us prove first the inclusion 7^+1 C Wi. 
Let <fi G r ) i+ i(PVal d m ). We will prove the statement by the induction in d. 
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Assume first that d = 0. Then li+l {Val sm ) = (Val}) sm © Valf™ © • • • C 
Wi{Val sm ) = Vall m © Valf^ © . . . . 

Now let us assume that the statement holds for valuations polynomial of 
degree less than d. Let us prove it for d. We have 

4>(K + x) = P d (K)(x) + lower order terms . 

Thus P d G -f i+l {Val sm ) © Pol d C Wi(Val sm ) © Pol d . It follows from the case 
d — and the Casselman-Wallach theorem that there exists ip G Wi(PVal d m ) 
such that 

ifj(K + x) — P d (K)(x) + lower order terms . 

Applying the assumption of induction to the valuation — ip we obtain the 
result . 

The second inclusion Wi C 7* follows from the fact that if dim K < i then 

U E -a,^ ^ = O (( V / E^)^ +1 ) when A — 0. 

Let us prove part (ii). It remains to prove the inclusion ji C W^i. Assume 
that G 71 fl PVal s d m . We will prove by induction in d that (f) <E W 1 . For 
d = the statement is clear. As previously we can write 

4>(K + x) — P d {K)(x) + lower order terms 

with P d G 7i(VaZ sm ) © Pol d = W^Val 3 " 1 ) © Pol d . Again the Casselman- 
Wallach theorem implies that there exists ip G W\(PVal s d m ) such that 

ip(K + x) — P d {K)(x) + lower order terms . 

Applying the assumption of induction to the valuation — ip we prove the 
result. Q.E.D. 

The next theorem gives an axiomatic characterization of the filtration W^. 

3.8 Theorem. Assume that we have another filtration {Wi} on PVal sm such 
that 

(1) {Wi} is compatible with the multiplicative structure, i.e. Wi ■ Wj C 
W i+j ; 

(2) 7 i+ i C W C 7i for all i. 

(3) W Q = lQ , W 1 = ll ; 

(4) Wn PVal s d m is a closed subspace of PVal s d m for all i, d. 

(5) Wi is Af f(V) -invariant. 
Then W = Wi. 
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Proof. One has to prove that W { fl PValf 1 = W^PValf 1 ) for all i, d. 
As previously the general case reduces to the case d = 0. Let us prove the 
statement in this case. We may assume that i > 1. Remind that 

7i+ i n \/a/ sm = (VX 1 ) 5 ™ © Val^y © • • • ^aZ* m ; 
7 . n \/a/ sm = (l / a/-_ 1 ) sm © VaZf" © • • • © V< m . 

First let us show that W { n (VaZ,Li) sm = 0. Otherwise due to Aff(V)- 
invariance of Wi and GL(V)-irreducibility of Valj_ 1 this intersection will be 
equal to {Val}_ 1 ) sm . Note that it follows from Proposition 2.2 and Irre- 
ducibility Theorem 0.7 that (Valj_ 1 ) sm ■ {Val\) sm is dense in (Val°) sm . But 
(Val\) sm C 7i = Wl Also W t • Wi C Wi+i. Hence W^+i D (VaZ°) sm Hence 
7i+i D (VaZ°) sm . This is a contradiction. 

Thus it remains to prove that Wi D (Vali) sm . Remind that since W\ = 71 
we have (VaZ°) sm C W x . Hence ((I/aZ?) 5 " 1 )^ C W, L . Again Proposition 2.2 
and Irreducibility Theorem 0.7 imply that ((Val^) sm Y is dense in (Val®) sm . 
So the result follows. Q.E.D. 

Let us consider the associated graded algebra grw(PVal sm ) := ®" =0 Wi/Wi+i. 
The next result gives a description of it. 

3.9 Theorem. There exists a canonical isomorphism of graded algebras 

gr w {PVal sm {V)) ~ Val srn (V) © <D[F] 

where the i-th graded term in the right hand side is equal to Val^ m {V) © C[V] 
where C[V] denote the algebra of polynomial functions on V. 

Proof. Let us construct the isomorphism explicitly. Let us define a map 

Q : Wi — ► Val* m © C[V] 

by Q(4>)(K)(x) = lim r r Qr~ l 4>(rK + x). First notice that Q(</>) is indeed a 

translation invariant valuation. Let us check it say for x = 0. We have: 

<j>(r(K + a)) = r i Q(4>)(K + a)(0) + o(r l ). 

On the other hand 

4>{r{K + a)) = 0(rfT + ra) = ^Q^K^ra) + o(r<) = r i g(0)( J ftT)(O) + o(r*). 
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Hence Q(4>)(K + a)(0) = Q(<f))(K)(0). 

Next the kernel of Q is equal to W^+i by Proposition 3.4. Let us show 
that Q is surjective. Let us check that for any d the map 

Q : W t {PValT) — VaZf ® <D[V]<d 

is surjective (where C[V]<d denote the space of polynomials of degree at 
most d). Both spaces are admissible Frechet representations of GL(V) of 
finite length. Hence by the Casselman-Wallach theorem it is sufficient to 
show that Q has a dense image. Let G W^PValf 1 ) be a valuation of the 
form 

= m d w ~l L-o / (4) 

9Ai . . . <9A n _; IA ^- U Jk+z]z1 x 3 A i 
where A ± , . . . A n _i G £(V) are fixed, and / is a polynomial of degree at most 
d. Then it is easy to see that Q(<fi)(K)(x) = /(^) gXT"^ — • L =o vo ^^ 
5^ ■ A^A,). Since by the (proved) McMullen's conjecture the valuations of the 
form dx ® n Q X — :\ x , =Q vol(K + A? A?) are dense in Vak we deduce that Q is 
an epimorphism. 

It remains to prove that Q is a homomorphism of algebras. Let <fi G 
Wi(PValj m ) be a representative of an element from W^/Wj+i of the form 
(4), and ■?/> G W^PVa^T 1 ) be a representative of an element of Wj/Wj +i of 
the form 

Qn-j | f 

g(x)dx 



where Pi, . . . P n -j G /C(V) are fixed, and g is a polynomial of degree at most 
d'. Then 

f(x)g(y)dxdy. 



<9Ai . . . 9A n _i <9/ii . . . 9/x n _j JE-+s m A m (A m x{o»+E i Mi({o}xB ; ) 
Then clearly 

Q(<j>x1>){K)({x,y)) = 

. . . dKl, 8^7. ^~ M^xWH^^WxB,)) = 

(W)xQW)(/0((a;,y)). 
The result follows. Q.E.D. 
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4 Further remarks. 



In Theorem 2.6 of this paper we have described the algebra Val°^ (H n ) = 
Val so ^ n '(W l ) of isometry invariant continuous valuations on an n-dimensional 
Euclidean space H n . We would like to study the space of isometry invari- 
ant continuous valuations in all dimensions simultaneously. More precisely 
assume that i n : R n > R" +1 is the standard isometric imbedding when 
the last coordinate vanishes. It follows from the Hadwiger characterization 
theorem that for any k < n the restriction map i* n : Val° (n+1) (JT +1 ) — > 

is an isomorphism. In other words for a fixed k the sequence 

Val®^ ^- Val^ n+1 ^ *^ . . . stabilizes. Let us denote this limit vector space 
by Val®^. Consider the stable algebra of isometry invariant valuations 

Val°^ := ®f= a Val° (co) . 
From Theorem 2.6 we easily deduce the following statement: 

4.1 Proposition. The graded algebra Val ^ = Val so ^°°^ is isomorphic to 
the graded algebra of polynomials in one variable (D[x] with the grading given 
by the degree of a polynomial. 

In j3] we have described in geometric terms the vector space Val u(jn \^y ri ) 
of translation invariant unitarily invariant continuous valuations on a Her- 
mitian space (D m . It would be of interest to describe the algebra structure of 
this space (compare with Theorem 0.9). However it might be of interest as 
well to describe the stable algebra of translation invariant unitarily invariant 
continuous valuations Val 11 ^ which is defined similarly to the previous case 
using the following lemma. 

4.2 Lemma. Let i n : (D n (D™ +1 be the standard Hermitian imbedding 
such that the last coordinate vanishes. For any k the restriction map i* n : 
Val^ n+ ((D n+1 ) — > Val^ n \(D n ) is an isomorphism provided n > k. 



min{k,2n—k} 
2 



Proof. In [21 we have shown that dim Vaf k (ra) (€") = 1 + 

Hence if n > k we have dim Val U k (n) (€ n ) = dim V^af (n+1) ((D n+1 ) = 1 + [k/2\. 
Hence it suffices to prove that z* is injective. Let R GV-fc((D n ) denote the 
Grassmannian of real fc-dimensional subspaces of (D n . In pQ, [2] we have used 
an imbedding of Val k (^ n ) to the space C( R Gr fc ((D ?1 )) of continuous functions 
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on the Grassmannian as follows. Let E Val Q k ((& n ). For any E G R GV fc (G n ) 
consider the restriction <j)\ E e Valk(E). By a result by Hadwiger jS] Valk(E) 
coincides with the space of Lebesgue measures on E. Hence 4>\e = f(E)volE 
where voIe is the Lebesgue measure induced by the Hermitian metric. Thus 
<p \— > [E i— > f{E)] defines a map 

Val° k (V n ) — > C^Gr k (V n )). 

The non-trivial fact essentially due to D. Klain [TT], [T2\ is that this map is 
injective. Let us consider the restriction of this map to U (n)-invariant valua- 
tions. Then its image is contained in the space of £7(n)-invariant continuous 
functions on R Grfc((D n ). Hence it is enough to prove that the restriction map 
C^Gr k ((C n+1 )) u{n+l) — ► C^Gr k (V n )) u W is injective if n > k where the 
restriction is considered under the imbedding r GV/ c ((l7 1 ) R Grfe((D ,1+1 ). It 
is enough to check that each U(n+ l)-orbit in R Grfc((D n+1 ) intersects non- 
trivially with R GVfc((D ?1 ). This fact follows immediately from the explicit 
description of [/(n)-orbits on R Grfc((D ra ) in terms of Kahler angles due to H. 
Tasaki jHj. Q.E.D. 

We would like to notice that the next interesting case to classify is the 
algebra of translation invariant continuous valuations on the quaternionic 
space H n invariant under the group Sp(n)Sp(l). 
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